In this paper, we study the global nonexistence of solutions to a nonlinear wave equation with critical potential V(x) on a Riemannian manifold, the form of which is more general than those in (Todorova and Yordanov in C. R. Acad. Sci., Sér. 1 Math. 300: [557][558][559][560][561][562] 2000). The way we follow is motivated by the work of Qi S. Zhang (C. R. Acad. Sci., Sér. 1 Math. 333:109-114, 2001). We also prove the local existence and uniqueness result.
Introduction and main results
In this paper, we study the global nonexistence of solutions to the following nonlinear wave equation with a damping term:
where M n (n ≥ ) is a non-compact complete Riemannian manifold, is the LaplaceBeltrami operator, and u  (x) dx, u  (x) dx > , while the constant p > . In this paper, we study the global nonexistence of solutions to a nonlinear wave equation with critical potential V (x) on a Riemannian manifold, the form of which is more general than those in [] . The way we follow is motivated by the work of Qi S. Zhang [] . We also prove the local existence and uniqueness result.
Throughout the paper, for a fixed x  ∈ M n , we make the following assumptions (see [] ):
, when r = d(x, x  ) is smooth; here g   is the volume density of the manifold;
(ii) there are positive constants α >  and m > -, such that
when r is large and for all x ∈ M n ;
Lemma  (see [] ) Under assumptions (i) and (ii), there exist positive constants C and
Our result is as follows. 
Theorem . is proved in Section ; Theorem . is proved in Section .
Global nonexistence of solutions
Proof of Theorem . From now on, C is always a constant that may change from line to line. Throughout the section, we let ϕ, η ∈ C ∞ [, ∞) be two functions satisfying
. We also need a cut-off function
We use the method of contradiction. Suppose that u(x, t) is a global positive solution of (.). For R > , we set
is a solution of (.), we have
where
We will estimate J  and J  separately.
By the Stokes formula and noting that ψ R =  on ∂B R (x  ), we have
which implies, via integration by parts,
) =  on ∂B R (x  ), so we obtain
Recalling the supports of ϕ R (x) and η R (t), that is,
we can reduce (.) to
Since ϕ R is radial, we have
Taking R sufficiently large, by assumption (i), that is,
, we obtain
. Merging (.), (.), and (.), we know
which yields
By the Hölder inequality and noticing
By Lemma , we obtain
Hence,
Now let us estimate J  . Using integration by parts, we obtain
Again by (.) and the Hölder inequality, we have 
